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Abstract. The general Hamiltonian for the SU(2) -invariant arbitrary-spin Heisenberg
chain is presented. Some of these interactions are shown to satisfy braid group relations
and the Temperley-Lieb algebra relations. Spin § is explored in more detail and, in this
case, a general solution to the braid conditions is known in the generic sense.

1. Introduction

In recent years much progress has been made in the construction of integrable models
of statistical physics in two dimensions and spin chains in one dimension {1,2]. An
essential tool in the search for such models was the construction of representations of
braid groups, the Hecke and the Temperley-Lieb algebras in terms of observables of
the system {3]. An interesting class of models can be obtained with g-deformations
[4] of the SU(2)-invariant spin chain. Some properties of the spin-1 model have been
studied by Batchelor et gl [5), In this paper we shatl study the SU(2) deformed chain
for arbitrary spin. We shall study spin 3 in more detail.

We recall the defining relations for the SU{(2) deformed algebra (hereafter referred
to as SU(2),). The generators J*, J~ and J* satisfy

AN A EEY b [, 7 1=[2J7] (1.1}
where
{a]=L20] (1.2)
q—dq

In the tensor product V, x V,,, of spaces V, and V,., we can define the coproduct
Apri(J5) =g i@ T, + i@ g h

Brsr(g*?) = g @ g+, (13
The Casimir operator is given by

C=JJ [P+ -7 (1.4)
Its eigenvalue ¢; in the irreducible representation of spin j is

o=[j+i-[5= [j][j+l]- (1.5)
We introduce the Hamiltonian for the SU(2), spin chain of n—1 sites

H=Y I, (1.6)

k=1
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where I is the most general polynomial function of the Casimir operator A, +1(C)
defined on the vector space Vi x V.. Since A is a homomorphism, we can write

Apir1{C) = B (I A a (U ) + (B [P 3D -1 x 1), (L.T)

We assume that site #—1 is followed by site 1, so that J, in (1.7) is to be interpreted
as J,.
For simplicity, from now on we shall often denote

I =1 Ak.k—l(c)=c- (1.8)

It is well known [4] that irreducible representations of SU(2), are classified in the
same way as those of SU(2). This means that we have a (2j+ 1)-dimensional representa-
tion with j=0,3, ... with a possible basis

\jm) m=jj—1,...,—j+1,—j
T jmy=v[jFmlljtm+1]|jm=£1) (1.9)
I jm)y=m|jm).

Thus in the tensor product of spaces V) x V, we can choose the basis
|y jamg) = | fumy) X | jama). {1.10)
This tensor product can be decomposed into its irreducible components denoted by
J=jiti,. . il

In each component we can form eigenstates of J°

JHIM) j2) = M|JIMj, jo) M=JJ-1,..., -7 (1.11)
The connection between the two basis is given in terms of Clebsch-Gordan coefficients
VMjijay= T Cimjaml im)ljoms). (1.12)

The explicit expressions for Clebsch-Gordan coefficients are known [4, 6]. From now
on we shall treat interactions of the same spin

hi=jh=J
This means that because of (1.5) the Casimir operator on the space V, x V., will have
the following eigenvalues:

o =[J[J+1] J=0,1,...,2j (1.13)
or
€e=0 o, =[2] c;=[213),..., c; =[271[2/ +1].

2. SU(2),-invariant interaction

Now we are able to write the most general local interaction I. Linearly independent
contributions are given by

1,C,C% ..., CH
This series terminates because of the vanishing of the characteristic polynomial

(C—eC—c),....(C~ey)=0. (2.1)
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In other words, C¥*"is a linear combination of 1 x I, C, C*... C%. For convenience,
we write the most general interaction in the following polynomial form:

I= aol+al(C“C2j)+“2(C—Cz)(c_czj_1) e -+a2j(c_02j) v C=cy) (2.2)

Sometimes it may be useful to use another representation for the interaction where
projector operators are chosen for the basis. More precisely, we introduce projectors
P’ on irreducible components with deformed angular momentum J. Owing to (1.12),
their matrix elements are connected with Clebsch-Gordan coefficients by the expression

Ph:n,m; mn2 <.]m'l]m2|P |J"l.}n2) ij1jmzcj:|4]ﬂ2 (2'3)
On the other hand, they are simply related to the Casimir operator. In fact
. 2 2§ -1
P z( I1 (C_Cf))( I1 (CJ-Ci)) . (2.4)
i=0i#S i=0,i#t
It is evident from construction that
PJl.IM): 31_11JM> (25)
From this relation or from the characteristic polynomial it follows that
Pp'=5,.P (2.6)
We can now write the decomposition of the interaction in terms of projectors:
2
I=7Y AP {2.7)
J=0
In this representation the coupling constants A; are simultaneously eigenvalues of the
inieraction. The elements of the basis are all polynomials of order 2j in the Casimir

operator.

3. Braid groups, the Temperley-Lieb and the Hecke algebras
We
I k=1,...,n-1 {3.1)

are elements of braid groups, the Hecke algebra or the Temperley-Lieb algebra.
A representation of braid groups is given if the operators [, satisfy

Ll b o= Lo Ld i=1,...,n=2 s
(3.2)

IkIf=I|Ik lk“f[?—Z.

The Hecke algebra is given if in addition we have the condition
(I +1)( L, — ) =0. (33)
The Temperley-Lieb algebra is given by the relations
I \TiaTi =T,
Ti=BT, (3.4)

T.T,=TT. Ik—1]=2.



584 S Meljanac et al

The Temperley-Lieb algebra is a special case of the braid group, which can be checked
using the substitution

L=vqT,—1 B=q"" +q'"% (3.5)
Now we consider the interaction with the coupling constant:
Ao=[2j+1] A=Az=... A5 =0. (3.6)
This implies that only spins coupled to the total spin zero can interact. Explicitly
I=+[2j+1]F, (3.7)

or

_EEDY(C - [2IHC - [2]03D), .., (€ = [2/][2j+11)
(2FB31.... (2T '

We can show that this operator satisfies the Temperley-Lieb algebra (3.4) with

I (3.8)

B==[2j+1].

The second condition (3.4) is satisfied owing to the projector properties (2.6). To
show the first condition (3.4), we calculate an explicit formula for the matrix element
of I in the basis

|mymy) = |jml> X |jm2)

(3.9)
Ly, = £L2] + 1Xm mo| Po|nyny).
Owing to (2.3}, it is also
Loy = £[20 11 Cont o, ot (3.10)
From [6] we have
Coimy = (18 s (3.11a)
VIZj+1]
thus
Lymgmyns = £ 1) "8 oy 08 emy0d ™ (3.11b)

Now the Temperley-Lieb condition can be explicitly checked. The explicit matrix
{3.11h) was written down by Batchelor et al [5], but now we understand its relation
to the SU(2),-invariant Hamiltonian (owing to (3.6}, (2.7) and (2.5)).

Now we shall show another interaction which satisfies braid-group requirements.
It is well known that a solution I of the braid condition can be obtained from a
solution R of the Yang-Baxter equation. The connection is

I=PR L= Perr 1 Ry (3.12)
where P permutes vectors defined in tensor products, e.g.

Pyoljm ) x| jma) = jmy) x| jm,).
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R in (3.12) satisfies the Yang-Baxter relation

Ry:R 3Ry = RoiR 3R, (3.13)
and also

PerP_l = RP(k)P(p}

where P(k) denotes the integer to which the permutation P carries the integer k.

The check is straightforward. We can use the R matrix from the theory of ¢-deformed
algebras, which is well known to satisfy the Yang-Baxter equation. This matrix is
explicitly known [4,7,8], hence we can write the corresponding [ with an arbitrary
constant a:

I=a¥ (-1)Yq¢'V*"Pp, (3.14)
J

Cowmparing (3.14) with (2.7}, we find that oyr Hamiltonian satisfies braid relations for
Ay =a(-1)Yg'v*Y, (3.15)

The Hecke relation is not satisfied for ¢ # 1 because all eigenvalues are different,
contrary to the implications of (3.3}. It is interesting to note that for g=1 our
Hamiltonian has the simple form

I=aY (-1)’'P, (3.16)

J
and for @ =11 we have the Hecke algebra. For spin 1, these classical results coincide
with the result of Batchelor et al [5]. For spin 2 this Hamiltonian does not fall into

the class claimed to be integrable by Chubukov and Khveschenko [9]. This Hamiltonian
has a particularly simple matrix form

I'm'ﬂ:-“]"z: iz (FI)J(PJ)mlmz,n,nz
J
= £ L (=0 Chnlim Cimin-
I

Owing to the symmetry property
Cmjons = Cmgm (=177
and to the orthogonality property of Clebsch-Gordan coefficients
L gy = @€ (= 1) 78,800, a =%l (3.17)

This relation is the explicit matrix form for the Hamiltonian which satisfies the Hecke
algebra for arbitrary spin (g =1).

4. Higher symmetry

An interesting question is the relation of integrable points and higher symmetries.
Consider the Temperley-Lieb point first. Here all non-singlet states are degenerate
and thus it corresponds to the embedding

SU(2) = SU(2j+1). (4.1)
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Of two spins which form the interaction, one is represented in the V,;,, or the
fundamental representation of SU(2j + 1), and the other in its complex conjugate V...
Of course,

Vaie X ‘72j+1 =V, + Vie_y (4.2)

in agreement with the degeneracy of the Temperley-Lieb interaction. For spin 1 it
coincides with a case remarked on by Batchelor er al [5].

Now we consider the braid solution of (3.15).

All eigenvalues for g# 1 are different, so no embedding is possible, This is an
interesting situation where we have an integrable point but no higher symmetry. Of
course, an exception is the classical case

g=1 Ay =a(-1). (4.3)

For general « it satisfies the braid group and for a = +1, the Hecke algebra.
In both cases it corresponds to the embedding

SU{(2)= SU2j+1).

For this case both spin operators in the interaction are realized in the fundamental
representation V,;.,. Owing to

Va1 X Vo = Vigien + Vieneien {4.4)

we explain the symmetry content of the degeneracy of even and odd total spins.

This case is interesting for two reasons. For the quantum case we have an example
of an integrable point which does not correspond to a higher symmetry. On the other
hand, the classical integrable Hamiltonian corresponds to a higher symmetry, contrary
to its quantum generalization.

5. Spin 2

Thus far we have treated the questions for general spin. Now we want to explore spin
2 in more detail. We shall present two explicit representations of the SU(2),-invariant
interaction: one in a matrix basis and the other in terms of spin operators. According
to equation (2.2) a possible representation for the interaction operator is

I=agl+a (C~c)taC—e)C—e)+a(C—a)(C-)(C—c). (5.1)
1t is useful to introduce a new basis in the space of invariants:

I=g,1+6,L+6:L,+B:L;

L =—C+"1
'T203]

L= (C= e)(C =)+ 21 (52)

[3][2]

Ly=—5==(C- )(C—Cz)(C“Cl)‘F%!.

1
[2F(3]
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The operators L,, L, and L, can be considered as 16 x 16 matrices in the space

1 3

3 —3 1 _1 _3
2 m,My=3%,3,—3, "3

[jmy) x| jmy) Jj=

These matrices can be expressed for every g in terms of the following 19 numerical
matrices (g-independent). There are ten diagonal matrices D,, D,, D;, D,, Ds, D,,
A;, Ay, Ay, A,. The elements of the diagonal are as follows (for clarity, we separate
four blocks):

Dy: 1000 0000 0000 0001
D,: 0100 1000 0001 0010
Dy: 0010 0001 1000 0100
D,: 0001 0000 0000 1000
Ds: 0000 0100 0010 0000
Dg: 0000 0010 0100 0000
Ay: 0100 —~1000 0001 00—10
A;: 0010 0001 —1000 0—100
A,: 0001 0000 0000 —1000
Ag: 0000 0010 0—100  000O.

(5.3

Now we describe the non-diagonal matrices. One group contains M, M, M, M,
B,, B,;. The common feature of these matrices is that non-vanishing block diagonals
are nearest to the left and to the right of the main diagonal. In these blocks non-zero
diagonals are nearest to the main diagonal when locked from the inner side of the
matrix. For example, M, is

i : )
i O
0 0 0 0 0
0 0
0 0
0 0 0 0 0 0
0 0 ¢ o
0 0 0
0 0 0 (5.4)
0 0 0 ¢
0 0 0 0 1 0
0 0 0
0 ¢
0 0 0 1 0
0 0
n_. 0 -
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Symbolically,
M. 100 000 010
Similarty,

M,: 010 101 010
Ms: 001 Q00 100
M,: 000 010 000 (5.5)
B,: 010 -101 0-10
B,: 001 000 -—100.

The next group of matrices are N,, N; and B,. In the description of the preceding
group one has to replace the block diagonal first left and first right with the second
left and second right. Similarly, in these blocks, the diagonal nearest to the main
diagonal has to be replaced with the second nearest.

Symbolically,
N 10 0t
N;: o1t 10 (5.6)
B,: 01 -10.
Finally, there is the matrix P. Its only non-vanishing elements are
P o= Pgy=1 (5.7

Now we can give an explicit expression of the invariants L,, L, and L, in their matrix
basis:

3A\2 A
L1=SS+%|:2(sinh ?) [Dl—DS—Dﬁ]—f!(smh 5) [D,+2D,]

+ (“’[S_; *—%)[wﬁ D]1-sinh 3A[A,+ A+ A,]

sinh A A _sinh 2A
(31 7 VI3l
cosh® 1 ) . 4 sinh’A ]
+2f o= ——= M, +2sinh® A My - ——— M,
2( DN A 2sin 5 3031 a
L.=(88)?~38S +6(sinh 24)>D;+6[(sinh 24 )*+ (sinh A 1D,
4(sinh A)? 2(sinh A)Z)
— ==———~|D,
(3] [3]
+3sinh 4A A;+3(sinh 4A +sinh 2A)A,
2sinh 2A
— A
[3] ) °
3 1/2 A 2
+2«/§[1 —cosh A cosh 2A ('[-ﬁ) }Mz— 12(sinh 5) M, (5.8)
3A\? 6 cosh A 3(sinh 3A +sinh A)
+| -12{ sinh =) +————~ — B
[ ! (5'" ) B ] : ¥E) :

—sinh A{A;+2A,]— B,—sinh 2AB;

D+ (6(sinh 24—

+3(sinh 4\ -2 sinh 2A —

2
~3sinh 2A B,+6(sinh A)°N,
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34\*
L;,=%(SS)3+%(SS)2—%%SS—2(sinh?) D,
A 2
—Z(Sinh 5) D,—-sinh 3A A,—sinh A A;+2(sinh A)*M,

A 2
+sinh 2A B, —2(sinh E) N, —sinh A B,.

Here § is the classical spin-3 operator and the parameter A is related to g from (1.2)
by

g=ce"
Physical models are usually expressed in terms of the usual SU(2) spin operators.

For this purpose we present the relation of our matrix basis to the basis with spin
operators as elements. First we introduce the following operators:

Qicsert = Tie ey + I
2 =3I i) + (I D]
A =2UD Uin) (D Ui)']
I

& —Tyrxyx L p¥yqy N2_(IXIY L I¥Y X oy
Wkl T WS kS e T S k) \Wied 17 Y ud k+1)

(5.9)

27
1

where i,j =0, 1, .. . denote the power to which the spin operator is raised. For simplicity
we shall omit the indices k, k41 and write
Qi =80 2_k+1 =3
A;{,k+] =AY Dprey =D
Second, using this notation we can decompose the matrix basis in terms of spin
operators as follows:

(5.10)

Dy =Y akz" K=1,...,6
o (5.11)
(i, /)=1(0,0),(1,1),(2,2),(3,31(0,2),(1, 3)
Qoo an a3z 33 T D3
K=1 ™ T § W s 3
K=2 ~% —i i 3 3 ¢
K=3 % &% -i 1 i -3
K=4 ™ T § o~ “T %
K=5s % % 4 4 % 3
K=6 B - S B S
Ay =Y af'A’ M=2,3,4,6 (5.12)
L)
aoy Aoy an 25]
M=2 -% -i 1 3
M=3 R B S
M=4 -% 3 ¢
M=5  -% 3 H 2

M,=Y a}{QZ" + nc) (5.13)
IN]
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dgo Ay &, a3
A= 3 -5 1
A=2 — 15 I -1
A=3 % —1 0 !
A=4 B b4
B =Y a;{QA”+Hc) K=23 (5.14)
LY
dyo dy2
K=2 % -1
K=3 i 1
N,=Y aj @2’ +Hc (5.15)
iJ
B=-f ==t
B, =40A" (5.16)

Finally we mention the interesting question about the general solution of braid-
group conditions. A systematic analysis of these conditions for spin 3 shows that there
are not other generic solutions besides those already mentioned. We do not exclude
solutions for special values of g. Details will be given elsewhere.

6. Conclusion

We have presented a general and arbitrary spin Hamiltonian for an n-dimensional
spin chain which is invariant under the SU(2), algebra. For two special values of
coupling constants local interactions satisfy the Temperley-Lieb algebra. In addition,
another one-parametric family of interactions that satisfies braid-group requirements
has been found. For the ciassical value of g (g =1) and for two values of coupling
constants we obtain Hecke relations. It is interesting to note that for g # 1 such points
do not always correspond to a higher symmetry.

We have considered the case of spin § in more detail. Two additional representations
of the Hamiltonian have been written: one is in terms of matrix basis and the other
in terms of spin operators (‘physical basis’). For spin 3 we have found that solutions
presented in the first part of the paper are in fact general solutions to braid-group
requirements in the generic sense.
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